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In the past 2-3 years there has been a considerable increase in experimental activity aiming to create entangled quantum states. One reason is the potential applications of entanglement to quantum information processing. Creating entanglement has been possible in quantum optics for more than a decade; however, now many new communities, working in a variety of experimental areas (for example, NMR, condensed matter physics) are also joining the field [1] . In general, entanglement between two systems can be generated if they interact in a controlled way. However, in most experiments these interactions are weak which makes the production of entanglement a very difficult task. Thus, it would be very convenient to have a theory which would provide us with the best way of exploiting interactions to produce entanglement.
In this Letter we analyze the entanglement capabilities of Hamiltonians. In particular, we would like to answer questions such as the following: Given an interaction (Hamiltonian), what is the most efficient way of entangling particles? Can we make the process more efficient by supplementing the action of the Hamiltonian with some local unitary operations? Can we increase the entanglement more efficiently by using some ancillas?
So far, much of the theoretical effort in quantum information theory has been devoted to the characterization and quantification of the entanglement of a given state. Very recently, it has been realized that there is a parallel notion of the entanglement in the dynamics of a system [2] . In [2] , the authors consider the situation that one has a given unitary transformation and ask, for example, how much state entanglement is needed to produce it. Here we focus on a different issue: Given an interaction (i.e., a Hamiltonian) how can we make the most effective use of it [3] ? What we propose here is to define and determine the entanglement capabilities of physical processes, in particular, of unitary evolutions [4] . This is a very relevant problem not only from the theoretical point of view but also from the experimental one. Of course, this problem is even more difficult than the one of quantifying the entanglement of states. In any case, in this Letter we give the first steps in this direction by considering the case in which the physical process is acting on two qubits.
From our results it turns out that (i) it is more efficient to produce entanglement if initially one already has some.
(ii) The best initial entanglement is universal, i.e., independent of the physical process. (iii) One can improve the performance of a physical process by complementing it with fast local operations. (iv) One can also improve it (in certain cases) by using auxiliary systems. (v) All entangling Hamiltonians can simulate each other and are thus qualitatively equivalent; we also provide an upper bound on the time required for one Hamiltonian to simulate another.
We consider two qubits interacting via a nonlocal Hamiltonian H. We want to determine the most efficient way in which we can use such an interaction to produce entanglement. We will characterize the entanglement of a state of the qubits at a given time t, jC͑t͒͘, by some entanglement measure E. In order to quantify the entanglement production, we define the entanglement rate G at a particular time t of the interaction as follows:
This quantity depends on jC͑t͒͘ not only through its entanglement E. The goal is then to find the conditions which must be satisfied in order to obtain a maximal entanglement rate. In particular, we will be interested in determining the following: ͑i͒ For any initial entanglement E of the two-qubit system, what is the state jC͘, say jC E ͘, for which the interaction produces the maximal rate G E ? ͑ii͒ The maximal achievable entanglement rate G max [5] , G max ϵ max E G E and the state jC max ͘ for which G G max . These quantities are interesting because the knowledge of the state jC E ͘ will allow us to find out the most efficient way of entangling the qubits. The idea is to supplement the interaction Hamiltonian H with appropriate local unitary operations in such a way that the state of the qubits at any time t is precisely jC E͑t͒ ͘, for which the increase of entanglement is optimal. In order to show how this can be achieved, let us consider that the evolution given by H proceeds in very small time steps dt. Let us also assume that the qubits are initially disentangled. Using local operations, we can always prepare the state jC 0 ͘ -that is, the product state which most efficiently becomes entangled under the action of H. After a time step dt, the state will change and its entanglement will increase to dE. Then, we use (fast) local unitary operations to transform the new state of the qubits into the state jC dE ͘ for which G is optimal. Note that this is always possible, since for qubits all states with the same value of E, say dE, are connected by local unitary transformations. By proceeding in the same way after every time step, and taking the continuous time limit dt ! 0, we obtain that the state of the qubits at time t is always the optimal one, jC E͑t͒ ͘. Obviously, in an experimental realization, this procedure requires that we can apply the appropriate local transformations in times which are short compared to the typical time scale t H associated with H, t H ͑e max 2 e min ͒ 21 , where e max and e min are the maximum and minimum eigenvalues of H, and we have seth 1.
Knowledge of G E also permits us to determine the maximum amount of entanglement E max produced as a function of time. We just have to express G E as an explicit function of E, substitute it in (1), and solve the differential equation to determine E max ͑t͒. Note that the optimal procedure described above will precisely reach the entanglement E max ͑t͒.
The state jC max ͘ is important since it gives rise to the maximal increase of entanglement, and therefore corresponds to the best operational point. After reaching the state jC max ͘ with the procedure described in the previous paragraph, the entanglement would be produced in a very efficient way, if one could transfer the entanglement that is gained after each time step dt to other qubits (using entanglement dilution [6] or some other means). In particular, it would increase proportionally to the time, G max being the proportionality constant.
In the following, we will show how to determine jC E ͘, G E , jC max ͘, and G max for an arbitrary Hamiltonian H. To this end, it is convenient to use the Schmidt decomposition of the state of the qubits jC͑t͒͘ to write
where for the sake of short-hand notation we have omitted the time dependence of all these quantities. Here, ͗wjw Ќ ͘ ͗xjx Ќ ͘ 0 and P # 1͞2. Note that E must depend only on the Schmidt coefficient P, given the fact that it must be invariant under local unitary operations. For example, if we choose as an entanglement measure the entropy of entanglement [6] -the entropy of the reduced density operator of one of the qubits -we will have
Note that the entropy of entanglement quantifies the amount of EPR entanglement contained asymptotically in a pure state jC͘. That is, E͑P͒ gives the ratio of maximally entangled EPR states jC 2 ͘ 1͞ p 2 ͑j01͘ 2 j10͒͘ which can be distilled from (are needed to create) jC͘. Thus, we can write
In (4), given a particular entanglement measure E͑P͒, we just have to determine dP͞dt. In order to do that, we need to find the (infinitesimal) time evolution of the Schmidt coefficients of the state of the qubits. After a time dt we will have jC͑t 1 dt͒͘ exp͑2iHdt͒ jC͑t͒͘ Ӎ ͑1 2 iHdt͒ jC͑t͒͘. The corresponding reduced density operator r A ͑t 1 dt͒, where r A,B Tr B,A ͑jC͘ ͗Cj͒, can then be written as r A ͑t 1 dt͒ r A ͑t͒ 2 idt Tr B ͕͓H, jC͑t͒͘ ͗C͑t͒j͔͖. The eigenvalues (Schmidt coefficients) of this operator can be easily determined starting from r A jw͘ Pjw͘ and using standard perturbation theory. We find dP dt
where we have omitted the time dependence. Upon substitution in (4) we obtain the entanglement rate. Since we are interested in maximizing G, it is clear that we can always choose a such that G f͑P͒ jh͑H, w, x͒j ,
where
h͑H, w, x͒ ͗w, xjHjw
By analyzing Eq. (6) we can extract some interesting conclusions, even before determining the maximum value of G explicitly. Given the fact that f and h depend on different parameters, in order to determine the quantities mentioned in ͑i͒ and ͑ii͒ we can maximize the functions f and jhj independently. If we want to determine the quantities mentioned in ͑i͒, we have to fix the value of E. In that case, P is also fixed and therefore the maximum of the entanglement rate will correspond to a state of the form (2) with some fixed jw͘, jx͘, and a (which maximize jhj͒. That is, for any value E of the entanglement, the states jw͘ and jx͘ for which the maximal entanglement rate G E is obtained do not depend on E, but only on the form of the Hamiltonian H. Let us denote by h max the maximum value of jhj; that is,
We can then easily determine how the entanglement would evolve with time if we always drive the qubits with local operations so that at each time their state corresponds to the optimal one. We can simply solve the differential equation (5), obtaining P͑t͒ sin 2 ͓h max t 1 f 0 ͔, with P͑0͒ sin 2 ͑f 0 ͒. Using the explicit dependence of E on P, we can then directly calculate E͑t͒. The evolution of the entanglement is fully characterized by h max , which is a quantity that depends only on the interaction Hamiltonian. That is, for a given H, h max measures the capability of creating entanglement. In the following we give a simple way of determining h max , which allows us to classify the entanglement capability of any Hamiltonian. On the other hand, once the entanglement measure is specified, we can calculate the value P 0 of P for which we obtain the maximal rate by simply considering the function f͑P͒. For example, choosing the expression (3) for the entanglement, we find that P 0 solves the equation ln 12P0 P0 2 122P0 , i.e., P 0 Ӎ 0.0832 which gives E͑P 0 ͒ Ӎ 0.413. This shows that, in order to increase the entanglement of a two-qubit system in an optimal way, it is better to start with some initially entangled state rather than a product state [7] . Note that the optimal initial entanglement E͑P 0 ͒ is independent of H.
In the following we will show how to determine the entanglement capability h max of a general Hamiltonian H acting on the qubits. First, we will show how, if we supplement the evolution of H by local unitary operations, we can express H in a standard form that only depends on three parameters. Second, we will derive an expression for h max in terms of those parameters.
Except for a trivial constant, we can always express a general Hamiltonian as
Here, s i are the Pauli operators, and a, b, and g are two real vectors and a real matrix, respectively. We now show that by supplementing the evolution operator with local unitary operations we can obtain an effective Hamiltonian which has one of the two standard formŝ
where m 1 $ m 2 $ m 3 $ 0 are the (sorted) singular values of the matrix g [8] . First, we note that the terms corresponding to a and b in (9) give no contribution to h max (8) and can therefore be neglected. Second, we apply the local operations U ͑V ͒ and U y ͑V y ͒ to the first (second) qubit at the beginning and end of the evolution process, respectively. We select them such that U y s
, where O A,B are orthogonal matrices of determinant one, each being plus or minus the orthogonal matrices in a singular value decomposition of g. Thus the total (nonlocal) effect of the evolution for a time t is equivalent to the one obtained with the HamiltonianĤ 1 ͑Ĥ 2 ͒ for the same time if detg $ 0 ͑detg , 0͒. Without loss of generality, we may take H of the formĤ 1 (10) in what follows [9] . Now let us determine h max in terms of m 1,2,3 . We can write h͑H, w, x͒
By using the Cauchy-Schwarz inequality, it can be checked that the maximum of (the absolute value of) this function is reached for jx͘ jw Ќ ͘. In this case, by using the fact that jw͘ ͗wj 1 jw Ќ ͘ ͗w Ќ j ' we obtain h͑H, w, w͒
Taking into account that m 1 $ m 2 $ m 3 , we see that the maximum value occurs when jw͘ j0͘ or jw͘ j1͘, i.e., an eigenstate of s 3 . For that choice we obtain
Summarizing, once we have transformed the Hamiltonian H to the standard form (10) we find that, for a given value of E (and therefore of P͒,
where h max m 1 1 m 2 . The maximum rate G max is obtained for P P 0 , where P 0 is the value that maximizes f͑P͒. Thus, jC max ͘ and G max are given by (12) with P P 0 . For example, for the entanglement measure (3), P 0 Ӎ 0.0832 which leads to f͑P 0 ͒ Ӎ 1.9123. So far, we have calculated the most efficient way of entangling two qubits if we use local unitary operations acting on each of the qubits. We have not allowed, however, local operations which entangle each of the qubits with local ancillas. We will now show that this possibility permits us to increase the maximum entanglement rate G max for certain types of Hamiltonians. We will first generalize the formulas derived above to the case of multilevel systems, given that the system qubit-plus-ancilla is of this sort. We consider a state jC͘ with Schmidt decomposition jC͘ P N n1 p l n jw n , x n ͘. As before, any entanglement measure E will depend only on the Schmidt coefficients l n $ 0. In particular, in the following we will use the entropy of entanglement, E͑ l͒ 2 P N n1 l n log 2 ͑l n ͒. By using the definition (1) of the entanglement rate, we havẽ
where we have used the fact that the sum of all the Schmidt coefficients is constant. Using perturbation theory as before, we find
Rather than proceeding in complete generality, we now consider an example which demonstrates that adding ancillas may allow one to increase entanglement more efficiently than is possible without the use of ancillas. We will consider the case in which the ancillas are also qubits. We write P l 1 and concentrate on the case in which l 2 l 3 l 4 ͑1 2 P͒͞3. In that case, Eq. (13) simplifies toG
where now
We can always choose the phase of the states jw n ͘ such that all the terms on the sum add with the same sign. We can therefore replace the imaginary parts of the terms in the above expression by their absolute values, and in (14) we can replacef͑P͒ by jf͑P͒j. We find thatP 0 Ӎ 0.8515 [which corresponds to an entropy of entanglement E͑P 0 ͒ Ӎ 0.8415͒] maximizes jf͑P͒j (15a) and leads to jf͑P 0 ͒j Ӎ 1.6853. Proceeding as before, we can easily maximizeh. We obtain that the maximum value ish max m 1 1 m 2 1 m 3 , which occurs when jw n ͘ jx n ͘ are orthogonal maximally entangled states between the qubit and the ancilla. For example, in the case that detg $ 0, the choice In summary, we have found the optimal way of using any nonlocal interaction to entangle a pair of qubits. The idea is to use local operators to drive the instantaneous state to the one that maximizes the entanglement rate, at each moment of the evolution. We have found that the entanglement capacity of any given Hamiltonian is determined by the sum of the two largest singular values of the matrix g defined in (14). Finally, we have shown that, for certain Hamiltonians, one can overcome this maximal entanglement rate by using ancillas prepared in maximally entangled states with the qubits.
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Note added.-The idea of universal simulation of Hamiltonians as discussed in this paper originated in a larger collaboration, including several other people, and is developed in detail in [11] . After completion of this paper, we also learned that the notion of universal simulation of Hamiltonians has been independently addressed by Dodd et al. [12] .
